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We present the ﬁrst study of the masses and decay constants of the pseudoscalar D mesons in two 
ﬂavors lattice QCD with domain-wall fermion. The gauge ensembles are generated on the 243 × 48
lattice with the extent Ns = 16 in the ﬁfth dimension, and the plaquette gauge action at β = 6.10, for 
three sea-quark masses with corresponding pion masses in the range 260–475 MeV. We compute the 
point-to-point quark propagators, and measure the time-correlation functions of the pseudoscalar and 
vector mesons. The inverse lattice spacing is determined by the Wilson ﬂow, while the strange and the 
charm quark masses by the masses of the vector mesons φ(1020) and J/ψ(3097) respectively. Using 
heavy meson chiral perturbation theory (HMChPT) to extrapolate to the physical pion mass, we obtain 
f D = 202.3(2.2)(2.6) MeV and f Ds = 258.7(1.1)(2.9) MeV.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.In the Standard Model (SM), the quark and antiquark of a 
charged pseudoscalar meson P (with quark content Q q¯) can de-
cay into a charged lepton and its associated neutrino through a 
virtual W boson. This is the purely leptonic decay of the charged 
pseudoscalar meson. To the lowest order, the purely leptonic decay 
width can be written as
Γ (P → lν) = G
2
F
8π
|V Q q|2m2l
(
1− m
2
l
M2P
)2
MP f
2
P , (1)
where GF is the Fermi coupling constant, V Q q is the Cabibbo–
Kobayashi–Maskawa (CKM) matrix element, ml is the mass of the 
lepton, MP is the mass of the charged pseudoscalar meson, and f P
is the decay constant of the charged pseudoscalar meson, which is 
deﬁned by the matrix element of the axial vector current between 
the QCD vacuum and the one-particle state of the charged pseu-
doscalar meson,
〈0|q¯γμγ5Q (0)
∣∣P (q)〉= i f P qμ. (2)
According to (1), experimental measurement of the leptonic decay 
width gives a determination of the product |V Q q| f P . If the value of 
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SCOAP3.f P can be obtained from another experimental measurement, then 
the value of |V Q q| can be determined, which is crucial for testing 
the SM via the unitarity of the CKM matrix, as a constraint for any 
new physics beyond the SM. On the other hand, if the value of f P
is unavailable from other experiments, then it must be determined 
theoretically from the ﬁrst principles of QCD, before the value of 
|V Q q| can be ﬁxed.
Theoretically, lattice QCD is a viable framework to tackle QCD 
nonperturbatively from the ﬁrst principles of QCD, by discretiz-
ing the continuum space–time on a 4-dimensional space–time 
lattice [1], and computing physical observables by Monte Carlo 
simulation [2]. However, in practice, any lattice QCD calculation 
suffers from the discretization and ﬁnite volume errors, plus the 
systematic error due to the unphysically heavy u/d quark masses 
(with Mπ > 140 MeV). Moreover, since all quarks in QCD are ex-
citations of Dirac fermion ﬁelds, it is vital to preserve all salient 
features of the Dirac fermion ﬁeld on the lattice, in particular, the 
chiral symmetry of the massless Dirac fermion ﬁeld. It is nontriv-
ial to formulate Dirac fermion ﬁeld with exact chiral symmetry 
at ﬁnite lattice spacing. This is realized through the domain-wall 
fermion (DWF) on the 5-dimensional lattice [3] and the overlap-
Dirac fermion on the 4-dimensional lattice [4]. under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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pseudoscalar mesons D and Ds in quenched lattice QCD with ex-
act chiral symmetry [5], before the CLEO Collaboration announced 
their high-statistics measurement of f D in July 2005. Our theo-
retical predictions of f D and f Ds turned out in good agreement 
with the experimental values from the CLEO Collaboration [6,7]. 
In 2007, we extended our study to the B-mesons [8], and deter-
mined the masses and decay constants of Bs and Bc , as well as 
the lowest-lying spectra of heavy mesons with quark contents bb¯, 
cb¯, sb¯, and cc¯.
To remove the systematic error due to the quenched approx-
imation, it is necessary to simulate lattice QCD with dynamical 
quarks. For lattice QCD with exact chiral symmetry, the challenge 
is how to perform the hybrid Monte Carlo (HMC) simulation [9]
such that the chiral symmetry is preserved at a high precision and 
all topological sectors are sampled ergodically.
During 2011–2012, we demonstrated that it is feasible to per-
form large-scale dynamical QCD simulations with the optimal 
domain-wall fermion (ODWF) [10], which not only preserves the 
chiral symmetry to a good precision, but also samples all topo-
logical sectors ergodically. To recap, we perform HMC simulations 
of two ﬂavors QCD on the 163 × 32 lattice (with lattice spacing 
a ∼ 0.1 fm), for eight sea-quark masses corresponding to the pion 
masses in the range 228–565 MeV. Our results of the topologi-
cal susceptibility [11], as well as the mass and decay constant of 
the pseudoscalar meson [12], are all in good agreement with the 
sea-quark mass dependence predicted by the next-to-leading or-
der (NLO) chiral perturbation theory (ChPT). This asserts that the 
nonperturbative chiral dynamics of the sea-quarks are well under 
control in our HMC simulations. In this paper, we perform HMC 
simulations of two ﬂavors QCD with ODWF on the 243 × 48 lattice 
(with lattice spacing a ∼ 0.062 fm), with the purpose of studying 
the charm physics in lattice QCD with exact chiral symmetry.
In general, the 5-dimensional lattice Dirac operator of ODWF 
can be written as [13][D(m)]xx′;ss′ = (ρsDw + 1)xx′δss′ + (σsDw − 1)xx′ Lss′ , (3)
where ρs = cωs + d, σs = cωs − d, and c, d are constants. The in-
dices x and x′ denote the sites on the 4-dimensional space–time 
lattice, and s and s′ the indices in the ﬁfth dimension, while the 
lattice spacing a and the Dirac and color indices have been sup-
pressed. The weights {ωs, s = 1, . . . , Ns} along the ﬁfth dimension 
are ﬁxed according to the formula derived in [10] such that the 
maximal chiral symmetry is attained. Here Dw is the standard Wil-
son Dirac operator plus a negative parameter −m0 (0 <m0 < 2),
(Dw)xx′ = −12
∑
μ
[
(1− γμ)Uμ(x)δx+μˆ,x′
+ (1+ γμ)U †μ
(
x′
)
δx−μˆ,x′
]+ (4−m0), (4)
where Uμ(x) denotes the link variable pointing from x to x + μˆ. 
The operator L is independent of the gauge ﬁeld, and it can be 
written as
L = P+L+ + P−L−, P± = (1± γ5)/2,
and
(L+)ss′ = (L−)s′s =
{−mδNs,s′ , s = 1,
δs−1,s′ , 1 < s ≤ Ns,
where Ns is the number of sites in the ﬁfth dimension, m ≡ rmq , 
mq is the bare quark mass, and r = 1/[2m0(1 − dm0)].
Including the action of Pauli–Villars ﬁelds (with bare mass 
mPV = 1/r), the partition function of ODWF in a gauge background 
can be written asZodwf =
∫
[dΨ ][dΨ¯ ][dΦ][dΦ†]exp{−Ψ¯D(m)Ψ − Φ†D(1)Φ},
(5)
which can be integrated successively to obtain the fermion deter-
minant of the effective 4-dimensional Dirac operator [10]
Zodwf = det D(mq), D(mq) = (Dc +mq)(1+ rDc)−1, (6)
where
Dc = 1
r
1+ γ5Sopt(H)
1− γ5Sopt(H) , Sopt(H) =
1−∏Nss=1 Ts
1+∏Nss=1 Ts ,
Ts = 1− ωsH
1+ ωsH , H = cHw(1+ dγ5Hw)
−1,
Hw = γ5Dw(−m0). (7)
Here Sopt(H) = HRZ (H), where R Z (H) is the Zolotarev optimal ra-
tional approximation of (H2)−1/2.
For HMC simulation of lattice QCD with ODWF, it is crucial to 
perform the even–odd preconditioning on the ODWF operator (3)
such that the condition number of the conjugate gradient is re-
duced and the memory consumption is halved. Now, separating 
the even and the odd sites on the 4-dimensional space–time lat-
tice, (3) can be written as
D(mq) =
(
4−m0 DEOw
DOEw 4−m0
)[
cω(1+ L) + d(1− L)]+ (1− L)
=
(
X DEOw Y
DOEw Y X
)
, (8)
where
X ≡ (4−m0)
[
cω(1+ L) + d(1− L)]+ (1− L),
Y ≡ cω(1+ L) + d(1− L). (9)
We further rewrite it in a more symmetric form by deﬁning
M5 ≡ ω−1/2Y X−1ω1/2
= {(4−m0)
+ ω−1/2[c(1+ L)(1− L)−1 + dω−1]−1ω−1/2}−1, (10)
and
S1 ≡ ω−1/2Y X−1 = M5ω−1/2, S2 ≡ Y−1ω1/2. (11)
Then Eq. (8) becomes
D(mq) = S−11
(
1 M5DEOw
M5DOEw 1
)
S−12
= S−11
(
1 0
M5DOEw 1
)(
1 0
0 C
)(
1 M5DEOw
0 1
)
S−12 , (12)
where the Schur decomposition has been used in the last equality, 
with the Schur complement
C ≡ 1− M5DOEw M5DEOw . (13)
Since detD = det S−11 ·detC ·det S−12 , and S1 and S2 do not depend 
on the gauge ﬁeld, we can just use C for the Monte Carlo simula-
tion. After including the Pauli–Villars ﬁelds (with mPV = 1/r), the 
pseudofermion action for two-ﬂavors QCD (in the isospin symme-
try limit mu =md) can be written as
Spf = φ†C †
(
CC †
)−1
C1φ, C1 ≡ C(m = 1), (14)1
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tum numbers (color, spin) of the quark ﬁelds. Including the gluon 
ﬁelds, the partition function for 2 ﬂavors QCD can be written 
as
Z =
∫
[dU ][dφ†][dφ]exp(−Sg[U ] − φ†C †1(CC †)−1C1φ), (15)
where Sg[U ] is the lattice action for the gluon ﬁeld. Here we use 
the plaquette gauge action
Sg[U ] = β
∑
plaq.
{
1− 1
3
ReTr(Up)
}
, β = 6
g2
. (16)
Further details of our HMC simulations of two ﬂavors QCD can be 
found in Ref. [14] and a forthcoming long paper.
We perform the hybrid Monte Carlo simulation of two ﬂavors 
QCD on the 243 ×48 lattice with the plaquette gauge action at β =
6/g2 = 6.10, for three sea-quark masses (mseaa = 0.005, 0.01, 0.02) 
with the corresponding pion masses in the range 260–475 MeV. 
For the quark part, we use ODWF with c = 1, d = 0 (i.e., H = Hw ), 
Ns = 16, and λmin/λmax = 0.05/6.2. For each sea-quark mass, we 
generate the initial 400–500 trajectories on an Nvidia GPU card 
(with device memory larger than 4 GB). After discarding initial 300 
trajectories for thermalization, we sample one conﬁguration every 
5 trajectories, resulting 20–32 “seed” conﬁgurations for each sea-
quark mass. Then we use these seed conﬁgurations as the initial 
conﬁgurations for independent simulations on 20–32 GPUs. Each 
GPU generates 200–250 trajectories independently. Then we accu-
mulate a total of 5000 trajectories for each sea-quark mass. From 
the saturation of the binning error of the plaquette, as well as 
the evolution of the topological charge, we estimate the autocor-
relation time to be around 10 trajectories. Thus we sample one 
conﬁguration every 10 trajectories, and obtain ∼500 conﬁgurations 
for each ensemble. The basic parameters of these three ensembles 
are summarized in Table 1.
In Fig. 1, we plot the histogram of the topological charge (Qt ) 
distribution for these three ensembles. Evidently, the probabil-
ity distribution of Qt for each ensemble behaves like a Gaus-
sian, and it becomes more sharply peaked around Qt = 0 as the 
sea-quark mass gets smaller. Here the topological charge Qt =∑
x μνλσ tr[Fμν(x)Fλσ (x)]/(32π2), where the matrix-valued ﬁeld 
tensor Fμν(x) is obtained from the four plaquettes surrounding xTable 1
Basic parameters of the gauge ensembles: the sea-quark mass, the number of gauge 
conﬁgurations in each ensemble, the inverse lattice spacing, the residual mass, and 
the pion mass.
Ensemble mseaa Ncf g a−1 [GeV] mresa Mπ [MeV]
A 0.005 535 3.194(11)(12) 0.000057(5) 259(10)(11)
B 0.010 506 3.138(16)(12) 0.000046(4) 347(7)(6)
C 0.020 501 3.044(13)(11) 0.000028(3) 474(6)(5)
on the (μˆ, ˆν) plane. Even though the resulting topological charge is 
not exactly equal to an integer, the probability distribution P (Qt)
suﬃces to demonstrate that our HMC simulation indeed samples 
all topological sectors ergodically. For a rigorous study of topology, 
we are projecting the zero modes and the low-lying eigenmodes of 
the overlap Dirac operator for each gauge conﬁguration, with the 
same procedures as outlined in Ref. [11], and we will report our 
results in a forthcoming long paper.
To determine the lattice scale, we use the Wilson ﬂow [15] with 
the condition [16]{
t2
〈
E(t)
〉}∣∣
t=t0 = 0.3 (17)
to obtain 
√
t0/a for each gauge ensemble. Our procedures are as 
follows. First, we compute the Wilson ﬂow for each gauge ensem-
ble of the 2-ﬂavors QCD on the 163 × 32 lattice at β = 5.95 [12], 
and obtain the value of 
√
t0/a. By linear extrapolation, we ob-
tain 
√
t0/a = 1.3674(67)(42) in the chiral limit, where the sys-
tematic error is estimated by varying the number of sea-quark 
masses used for the linear extrapolation. Then, using the lattice 
spacing a = 0.1034(1)(2) fm (in the chiral limit) [12] which has 
been determined at β = 5.95 (by heavy quark potential with Som-
mer parameter r0 = 0.49 fm), we obtain √t0 = 0.1414(7)(5) fm. 
Thus, with the input 
√
t0 = 0.1414(7)(5) fm, we can determine 
the lattice spacing of any gauge ensemble of 2-ﬂavors QCD, with 
the value of 
√
t0/a obtained by the Wilson ﬂow with the condi-
tion (17). For the gauge ensembles of 2-ﬂavors QCD on the 243 ×
48 lattice at β = 6.10, a−1 [GeV] = 3.194(11)(12),3.138(16)(12),
3.044(13)(11), for mseaa = 0.005, 0.01, and 0.02 respectively. The 
inverse lattice spacing is well ﬁtted by the linear function of mseaa, 
which gives a−1 = 3.2418(35)(44) GeV in the chiral limit.
We compute the valence quark propagator with the point 
source at the origin, and with parameters exactly the same as Fig. 1. Histogram of topological charge distribution for three sea-quark masses, mseaa = 0.005,0.01, and 0.02 respectively.
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Determination of the strange quark and the charm quark masses.
Ensemble msa Mφ [MeV] [t1, t2] χ2/dof mca M J/ψ [MeV] [t1, t2] χ2/dof
A 0.04 1020(7) [11,24] 0.99 0.53 3097(11) [15,24] 0.25
B 0.04 1020(8) [11,23] 0.11 0.55 3104(15) [17,23] 0.58
C 0.04 1020(8) [16,23] 0.20 0.55 3099(13) [16,24] 0.22
Table 3
The mass and decay constant of D-mesons.
Ensemble MD [MeV] f D [MeV] [t1, t2] χ2/dof MDs [MeV] f Ds [MeV] [t1, t2] χ2/dof
A 1862(11) 216(5) [17,24] 0.83 1969(8) 261(5) [14,23] 0.97
B 1864(10) 220(4) [18,23] 0.82 1968(9) 264(4) [13,24] 0.54
C 1877(10) 227(6) [18,22] 0.54 1962(8) 267(3) [10,17] 0.70those of the sea-quarks (Ns = 16 and λmin/λmax = 0.05/6.2). First, 
we solve the following linear system (with even–odd precondi-
tioned CG),
D(mq)|Y 〉 =D(mPV )B−1|source vector〉, (18)
where B−1x,s;x′,s′ = δx,x′ (P−δs,s′ + P+δs+1,s′ ) with periodic boundary 
conditions in the ﬁfth dimension. Then the solution of (18) gives 
the valence quark propagator
(Dc +mq)−1x,x′ = r(1− rmq)−1
[
(BY )x,1;x′,1 − δx,x′
]
.
For each gauge ensemble, we measure the time-correlation 
functions for pseudoscalar (P ) and vector (V ) mesons,
CP (t) =
〈∑
x
tr
{
γ5(Dc +mQ )−1x,0γ5(Dc +mq)−10,x
}〉
U
,
CV (t) =
〈
1
3
3∑
μ=1
∑
x
tr
{
γμ(Dc +mQ )−1x,0γμ(Dc +mq)−10,x
}〉
U
,
for the following quark contents: (mq, mQ ) = {(msea, msea),
(msea, ms), (msea, mc), (ms, ms), (ms, mc), (mc, mc)}, where ms and 
mc are the bare masses of the strange quark and the charm quark.
In general, the decay constant f P of a charged pseudoscalar me-
son P with quark content Q q¯ is deﬁned by (2). In lattice QCD with 
exact chiral symmetry, we can use the axial Ward identity
∂μ(q¯γμγ5Q ) = (mq +mQ )q¯γ5Q
to obtain
f P = (mq +mQ ) |〈0|q¯γ5Q |P (
0)〉|
M2P
, (19)
where the pseudoscalar mass MPa and the decay amplitude z ≡
|〈0|q¯γ5Q |P (0)〉| can be obtained by ﬁtting the pseudoscalar time-
correlation function CP (t) to the formula
z2
2MPa
[
e−MPat + e−MPa(T−t)], (20)
where the excited states have been neglected.
To measure the chiral symmetry breaking due to ﬁnite Ns , we 
compute the residual mass according to the formula [13]
mres =
〈tr(Dc +mq)−10,0〉U
〈tr[γ5(Dc +mq)γ5(Dc +mq)]−10,0〉U
−mq, (21)
where (Dc +mq)−1 denotes the valence quark propagator with mq
equal to the sea-quark mass, tr denotes the trace running over the 
color and Dirac indices, and the brackets 〈· · ·〉U denote averaging over an ensemble of gauge conﬁgurations. In Table 1, we list the 
residual mass of each ensemble. We see that the residual mass is 
at most ∼1% of the bare quark mass, amounting to ∼0.17 MeV, 
which is expected to be much smaller than other systematic er-
rors. In Table 1, we list the pion mass which is extracted from 
the time-correlation function CP (t) with the valence quark masses 
equal to the sea-quark mass (mq =mQ =msea). Here the pion mass 
has been corrected for the ﬁnite volume effect, using the estimate 
within ChPT calculated up to O(M4π/(4π fπ )4) [17].
For each ensemble, the strange quark bare mass ms is tuned 
such that the vector-meson mass MV extracted from the time-
correlation function CV (t) with the valence quark masses mq =
mQ = ms is equal to the mass of the vector meson φ(1020). The 
vector meson mass MV is extracted by ﬁtting CV (t) to a formula 
similar to (20), for the range [t1, t2] in which the effective mass 
attaining a plateau. We estimate the statistical error of MV using 
the jackknife method with the bin size (10–15 conﬁgurations) of 
which the statistical error saturates. To estimate the systematic er-
rors of MV , besides that due to the systematic error of the inverse 
lattice spacing (see Table 1), we also incorporate the variation of 
MV based on all ﬁttings satisfying χ2/dof < 1.1. In the following, 
it is understood that all masses and decay constants, and their er-
rors are obtained with the same procedure. Similarly, the charm 
quark bare mass mc is tuned such that the vector-meson mass ex-
tracted from the time-correlation function CV (t) with the valence 
quark masses mq = mQ = mc is equal to the mass of the vector 
meson J/ψ(3097). The values of ms and mc of each ensemble are 
summarized in Table 2, where the error denotes the combined sta-
tistical and systematic error.
Using the value of mc in Table 2, we measure the time-
correlation function of the D meson with the valence quark masses 
(mq = msea , mQ = mc) for each ensemble. Then we ﬁt the time-
correlation function CD (t) to (20) to extract the D meson mass 
MDa and the decay constant f Da. Similarly, using the values of ms
and mc in Table 2, we measure the time-correlation function of 
the Ds meson with the valence quark masses (mq =ms , mQ =mc), 
and extract the mass MDsa and the decay constant f Dsa for each 
ensemble. Our results of MD , f D , MDs , and f Ds are summarized 
in Table 3, where the error denotes the combined statistical and 
systematic error.
We see that for all ensembles, the masses of D and Ds mesons 
are in good agreement with the experimental values compiled 
by PDG [18], MD = 1869.62 ± 0.15 MeV, and MDs = 1968.50 ±
0.32 MeV.
For the decay constants f D and f Ds , we use HMChPT [19] to 
extrapolate to the physical Mπ = 140 MeV. In general, for the 
pseudoscalar meson with quark content (cq¯), the NLO formula for 
N f = 2 reads
TWQCD Collaboration / Physics Letters B 736 (2014) 231–236 235Fig. 2. Fitting the data to NLO HMChPT: (a) f D and f Ds ; (b) f D
√
MD and f Ds
√
MDs . In each ﬁgure, the solid line is the ﬁt of the data points to HMChPT. The symbol (in 
red) is the extrapolated value at physical Mπ = 140 MeV. (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this 
article.)f Dq =
κ√
MDq
{
1− 1+ 3g
2
c
2
[
(ξ + ξq) ln
(
ξ + ξq
2
)
− ξq
2
ln ξq
]
+ c1ξ
}
, (22)
where ξ = M2π/(4π f )2, ξq = M2qq/(4π f )2, Mqq is the mass of the 
pseudoscalar meson with quark content qq¯, gc = 0.61(7) which 
is determined by the experimental measurement of the coupling 
gD∗→Dπ [20], and κ and c1 are low-energy constants. For q¯ equal 
to d¯, (22) reduces to
f D = κ√
MD
[
1− 3
4
(
1+ 3g2c
)
ξ ln ξ + c1ξ
]
. (23)
Fitting the data of ensembles (A)–(C) to (23) [see the lower 
curve in Fig. 2(a)], we obtain κ = 0.2638(28) and c1 = −1.899(206)
with χ2/dof = 0.34. At the physical Mπ = 140 MeV, (23) gives 
f D = 202.3(2.2) MeV. Alternatively, performing the ﬁt to f D√MD
(multiplying both sides of (23) with 
√
MD ) [see the lower curve 
in Fig. 2(b)], we obtain κ = 0.2673(22) and c1 = −2.012(189)
with χ2/dof = 0.27. At the physical Mπ = 140 MeV, it gives 
f D
√
MD = 0.2785(23), which in turn (with physical input MD =
1869.62 MeV) yields f D = 203.7(1.7) MeV. Comparing the re-
sults of these two HMChPT ﬁts, we estimate the systematic er-
ror of f D due to the chiral extrapolation to be ∼1.4 MeV. Next 
we estimate the systematic error of f D due to the scaling vi-
olations (i.e., the error induced through the scale setting), by 
performing the chiral extrapolation of ( f Da)
√
MDa in the lat-
tice unit, using the raw data of MDa and f Da extracted from 
the time-correlation function. Fitting the lattice data of ensem-
bles (A)–(C) to NLO HMChPT (see the lower curve in Fig. 3) gives 
κ = 0.0454(2) and c1 = −0.6923(948) with χ2/dof = 0.14. At the 
physical Mπ = 140 MeV (Mπa = 0.001842), it gives f Da√MDa =
0.0477(2). With the inputs a−1 = 3.2418(56) GeV (in the chiral 
limit) and MD = 1869.62 MeV, we obtain f D = 203.7(1.0) MeV. 
Thus we estimate the systematic error of f D due to the scaling vio-
lations to be ∼1.0 MeV. Since our calculation is done at one single 
lattice spacing, the discretization error cannot be quantiﬁed reli-
ably. Nevertheless, we do not expect it to be much larger than the 
systematic errors due to the chiral extrapolation and the scaling 
violations, because our lattice action is free from O (a) discretiza-
tion errors. Now, assuming the discretization error to be ∼2 MeV, Fig. 3. Fitting the lattice data of f Da
√
MDa and f Ds a
√
MDsa (in the lattice unit) to 
NLO HMChPT. The solid line is the ﬁt to HMChPT, and the symbol (in red) is the ex-
trapolated value at physical Mπ = 140 MeV. (For interpretation of the references to 
color in this ﬁgure legend, the reader is referred to the web version of this article.)
together with the systematic errors due to the scaling violations 
and the chiral extrapolation, we obtain
f D = 202.3± 2.2± 2.6 MeV, (24)
which is in good agreement with the experimental values [21,22], 
as well as the experimental average f D = 204.6 ± 5.0 MeV [23].
Next, we turn to the decay constant of Ds meson. Fitting 
the data of ensembles (A)–(C) to (22) with q¯ = s¯ [see the up-
per curve in Fig. 2(a)], we obtain κ = 0.2790(12) and c1 =
−0.7740(733) with χ2/dof = 0.20. At the physical Mπ = 140 MeV, 
(22) gives f Ds = 258.7(1.1) MeV. Alternatively, performing the 
ﬁt to f Ds
√
MDs [see the upper curve in Fig. 2(b)], we obtain 
κ = 0.2865(13) and c1 = −0.8949(899) with χ2/dof = 0.21. At 
the physical Mπ = 140 MeV, it gives f Ds
√
MDs = 0.2785(23), 
which (with physical input MDs = 1968.50 MeV) yields f Ds =
258.8(1.2) MeV. Comparing the results of these two HMChPT ﬁts, 
we estimate the systematic error of f Ds due to the chiral extrap-
olation to be ∼0.2 MeV. Next, we estimate the systematic error 
of f Ds due to the scaling violations, by performing the chiral 
extrapolation of ( f Dsa)
√
MDsa in the lattice unit. Fitting the lat-
tice data to NLO HMChPT (see the upper curve in Fig. 3) gives 
κ = 0.0489(5) and c1 = 0.513(185) with χ2/dof = 0.46. At the 
236 TWQCD Collaboration / Physics Letters B 736 (2014) 231–236physical Mπ = 140 MeV (Mπa = 0.001842), it gives f Dsa
√
MDsa =
0.0625(6). With the inputs a−1 = 3.2418(56) GeV (in the chiral 
limit) and MDs = 1968.50 MeV, we obtain f Ds = 259.9(2.7) MeV. 
Thus we estimate the systematic error of f Ds due to the scaling 
violations to be ∼2.0 MeV. Again, assuming the discretization er-
ror to be ∼2 MeV, together with the systematic errors due to the 
scaling violations and the chiral extrapolation, we obtain
f Ds = 258.7± 1.1± 2.9 MeV, (25)
which is in good agreement with the experimental values [7,24,
25], as well as the experimental average f Ds = 257.5 ± 4.6 MeV
[23].
Since the ratio f Ds/ f D is expected to have systematic error less 
than those of f D and f Ds , our results of f D and f Ds yield
f Ds
f D
= 1.2788± 0.0264 (26)
in good agreement with the experimental average f Ds/ f D =
1.258 ± 0.038 [23].
To summarize, we perform the ﬁrst study of the masses and de-
cay constants of the pseudoscalar D-mesons in two-ﬂavors lattice 
QCD with domain-wall fermion, on the 243 ×48 lattice with lattice 
spacing a ∼ 0.062 fm, for three sea-quark masses corresponding 
to the pion masses in the range 260–475 MeV. Our results of 
f D (24), f Ds (25) and their ratio (26), are all in good agreement 
with the experimental results, as well as with other lattice QCD 
results [26]. Since our calculation is done at one single lattice spac-
ing, we cannot perform the extrapolation to the continuum limit. 
Nevertheless, we do not expect the combined systematic errors 
much larger than our estimates in (24) and (25), since the lattice 
spacing (a ∼ 0.062 fm) is suﬃciently ﬁne, and our lattice action 
is free from O (a) lattice artifacts. Likewise, since our calculation 
is done on a single volume, the ﬁnite volume effect cannot be 
estimated reliably. However, it is believed that the ﬁnite volume er-
ror of physical observables involving heavy (charm/bottom) quarks 
is smaller than other systematic ones. We will address these is-
sues with calculations on different volumes as well as several lat-
tice spacings. Moreover, to incorporate the internal quark loops of 
(u, d, s, c) quarks in our dynamical simulations, we are performing 
HMC simulations of (2 + 1)-ﬂavors and (2 + 1 + 1)-ﬂavors QCD on the 243 ×48 lattice, with the novel exact pseudofermion action for 
one-ﬂavor DWF [27].
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